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Abstract - Structural learning in multi-layer, f eedforward neural networks has been studied using Ishikawa 's 
modified back-propagation algorithm with forgetting of the connection weights . Structural learning has the 
following major advantages: {1} knowledge extraction from the skeleton stT?.tcture of the trained network; 
{2} independence of the trained neural network of the initial choice of network structure, and {3} improved 
generalization propertieJ compared to neural network.! trained by Jtandard back-propagation. In this paper, 
the generalization rate of the trained network i.9 analyzed as a possible means of selecting optimum model 
pammeter.9. The results a1·e illustrated using Fisher's IRIS data, 1 0-digit pattern recognition problem, and 
anomaly detection in time serieJ using frequency spectrum analysis. 
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1 Introduction 
Future dynamic development of intelligent nemo-

computing techniques must be based on the enhance-
ment of the knowled~e-processing function of artifi-
cial neural networks lANNs) involving symbolic rep-
resentation and manipulation of non-numeric data [1], 
as well as discovering certain (quasi-)causal relation-
ships in the analy·zed data set. Structural learning in 
ANNs is an important tool which helps to achieve this 
goal [2-4]. Structural learning yields small-size neural 
networks which require significantly reduced compu-
tational efforts after pruning the unimportant weights 
and related nodes. 

By choosing (near) optimum architecture via struc-
tural learning, one can expect better generalization fea-
tures by the network. The quantitative characteriza-
tion of generalization properties of ANNs requires de-
tailed statistical evaluation of the available data. If 
the class conditional densities are known or they can 
be estimated, generalization by the ANN can be evalu-
ated based on the testing results using new (untrained) 
data. If the available testing data contain a poor repre-
sentation of the input, however, the error rate of classi-
fication might show a misleading picture on the gener-
alization. In that case the robustness of the network to 
perturbations of the inputs and the connection weights 
can provide a measure of the performance of the ANN 
[5-6]. 

In this paper, structural learning with forgetting of 
the connection weights [4] is introduced first. The dy-
nan1ics of the weight decay is analyzed. The influence 
of the magnitude of the forgetting parameter on the 
error rate of classification is evaluated and the robust-

ness of the ANN against noise at various intensities is 
studied. Preliminary results of this study are given in 
[7]. The obtained results are illustrated by three ex-
amples. In the first one, Fisher's IRIS data are utilized 
which have poor statistics. The second and third ex-
amples have good statistical representations and corre-
spond to 10-digit pattern recognition and to a time se-
ries analysis problem with multi-variate Gaussian class 
conditional densities. 

2 Structural Learning Method 
2.1 lshikawa's Modified BP with Forgetting 

In this work, multi-layer, feedforward artificial neu-
ral networks are used for classification of input pat-
terns. A 3-layer structure was adopted, including 
input-, hidden- and output-layers. The input nodes 
correspond to the segmentation of the training pat-
terns. The number of output nodes is equal to the 
number of classes. "When training a pattern which be-
longs to the i-th class, the i-th output node should as-
sume a value of 1, while all other output nodes are 0 (or 
-1 in some applications). The essentially non-standard 
part of the network is the learning algorithm, which is 
modified back-propagation (BP) with forgetting of the 
connection weights. The basic idea is to update the 
connection weights as follows [4]: 

(1) 

Here L\w:j is the change of the ij-th weight using stan-
dard BP algorithm, € is the forgetting rate. sgn(wij) 
denotes the sign of the argument w;i. The second term 
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on the right hand side of Eq. (1) describes a continu-
ously decreasing tendency for the connection weights. 
Indeed, the weights decrease steadily, unless they are 
reinforced by the back-propagation rule. The corre-
sponding cost function is given by: 

I= L(Yi- y;) 2 + € 1 L lwiil, (2) 
i,j 

where y; and Yi are the actual and the target values 
of the network outputs, respectively. € 1 = >.e, where >. 
is the learning rate used in standard back-propagation. 
T he first term on the r.h.s. of Eq. · (2) represents the 
sum-square-errors (SSE) and the second term is pro-
portional to the sum-of-weights (SW) with the constant 
e' : 

1= SSE+ e'SW. (3) 

After completing the learning in accordance with the 
modified BP rUle, usually a significantly reduced net-
work is obtained, in which only a few hidden nodes 
remain active. The acquired information is stored in 
the skeleton structure ofthe network (structural learn-
ing). 

There are several possibilities to implement forget-
ting. It can be applied either to all the weights or only 
to a limited subset of the weights. It is possible to ap-
ply forgetting immediately from the start of the train-
ing or it can be delayed. Various adaptive forgetting 
rate schemes can be introduced as well. In the present 
study, modified BP with constant forgetting rate has 
been applied to all of the weights except for the biases. 
The proper choice of the forgetting factor is crucial for 
the successful implementation of the algorithm and it 
will be discussed in the next chapter. 

2.2 Performance Measures 
The performance of an ANN trained by BP with 

forgetting can be evaluated from the following perspec-
tives: 

1. convergence of training; 
2. capability to reveal structural knowledge; 
3. generalization. 

The convergence of the training is expected to slow 
down if the cost function given by Eq. (2) is used in-
stead of the standard quadratic error function. This is 
due to the fact that the cost function can be reduced 
also at the expense of the sum-of-weights penalty term. 
The reduced convergence can be partly compensated 
for by the higher speed of calculations with the pruned 
ANN. A strategy of efficient numerical calculations us-
ing structural learning algorithms under dynamically 
changing external conditions is described in [8]. This 
question will not be dealt with in this paper. 

The main advantage of structural learning algo-
rithms is the possibility of knowledge monitoring based 
on the skeleton network structure. The degree of skele-
tonization will be measured by the number of active 
hidden nodes in the trained network. Knowledge can 
be extracted from the structure in the form of crisp or 
fuzzy rules and semi-causal relationships between seg-
ments of the input patterns and class labels. 

One can expect improved generalization in the case 
of learning with forgetting, as ANNs obtained by struc-
tural learning have a simplified architecture compared 
to ANN s trained by standard back-propagation. If the 
11.vailable input patterns represent the statistics of the 
input data dusters properly, generalization can be es-
~imated based on the error rate of the trained network 
l''hen applied to patterns selected from the input data 
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space with given class conditional densities and a pos-
teriori probabilities [9]. Counting the error rate of test-
ing, however, can be misleading if the input data have 
poor statistics. Model-based approaches can help to 
estimate generalization in this case [5], [10]. 

An alternative approach evaluates the robustness of 
the ANN to changes in the input patterns induced by 
noise injection. The correct classification rate, as a 
function of the intensity of noise injected to the input 
·patterns, will be evaluated in the present study. Prin-
ciples of the optimum selection of training parameters 
are described in the next section. 

3 Foundations of Training with Forget-
.ting 

3.1 Characterization of Training with Forget-
ting 

In the case of structural learning algorithm, two 
types of nodes can be distinguished: decayed ones and 
survivors. Decayed nodes are connected to weights 
which diminish as the training with forgetting pro-
gresses. Let us consider a weight which is unimpor-
tant with respect to the quadratic error function, i.e., 
8SSE/8wij:::::: 0. That weight will decay and approach 
zero. Decayed weights will not be exactly zero but they 
fluctuate around zero with a magnitude e. In our al-
gorithm, the decayed weights are not deleted and their 
equilibrium fluctuation can· grow into a structural evo-
lution if properties of the input patterns change [8]. 

In the case of survivor nodes, the weight change 
given by the delta rule in Eq.(l) compensates for the 
decay. After an initial transient phase, the magnitude 
of survivor nodes continuously increases and finally sat-
urates due to the limiting effect of the sum-of-weights 
term in Eq. (2). 

Forgetting has a two-fold effect on the SSE criterion, 
both causing 'early' saturation of the SSE compared 
to the standard BP. One effect has an overall nature, 
while the other one is localized. On the one hand, the 
SSE criterion starts to saturate when the magnitude of 
the first term in Eq. (2) drops to a level comparable 
to the SW penalty term in Eq. (2). This has an over-
all, global effect, and it can be suppressed by using a 
sufficiently small €. In fact , e can be used to compel 
the quadratic error criterion to saturate at a prescribed 
level [11]. On the other. hand, SSE might saturate even 
if SSE > > SW, due to the local effect of forgetting. 
This effect occurs, e.g., when the forgetting rate is too 
large. A large forgetting rate can remove important 
weights, although those weights should have remained 
in order to realize the desired mapping. As a result, 
the training does not converge. 
3.2 Selecting Forgetting Factor 

One might follow a training strategy, in which a 
rather small forgetting rate is used. In this way, the 
interference between local and overall effects of forget-
ting can be avoided. According to this approach, an 
efficient training is completed first, followed by the de-
cay of the unnecessary weights at a later stage. 

By starting the training with a rather small forget-
ting rate and increasing it during an iterative process, 
the maximum forgetting rate can be determined, for 
which the training still converges. A large f9rgetting 
rate helps to extract structural information efficiently, 
but the optimality of this strategy with respect to gen-
eralization and training convergence is yet to be studied 
in detail. 

In an alternative approach, a large forgetting rate is 
used first . in order to reveal a skeleton network struc-
ture. After determining the most important nodes and 

Australian Journal of Intelligent1nformation Processing Systems Winter 1996 



12 

connections, a refined training is followed, in which the 
exact numerical values of the weights are determined 
by using a standard learning algorithm. 

For the sake of completeness, we mention some other 
methods of the optimization of forgetting parameters. 
In an information-theoretic approach, the forgetting 
rate is evaluated via the optimum number of model 
parameters [4] . In another method, the maximum per-
mitted forgetting rate is evaluated and used in training 
(6]. Finally, an optimum choice of e: has been proposed 
m [11 ], based on the a priori determined learning ac-
curacy. 

In the present work no comparison is made among 
the above methods. We use constant forgetting rate 
in this paper in order to simplify the forthcoming dis-
cussions. We will evaluate the dependence· of various 
performance criteria on the actual choice of e. It is 
clear that the present results could be improved fur-
ther by introducing a more advanced technique using 
adaptive forgetting rate. First Fisher's IRIS data will 
be analyzed, which is a problem with poor statistics of 
the input data space. The other two applications in-
volve a 10-digit classification problem and time series 
analysis, both with a good statistical representation of 
the input data clusters. 

4 Test Results 
4.1 Classification of Fisher's IRlS Data 

In this section, the major properties of the forget-
tin~ algorithm are illustrated using Fisher's IRlS data 
[12]. The data set consists of 3 X 50 data patterns in 
the form of 4-dimensional vectors. The 3 classes are the 
species of IRIS flowers, i.e., setosa, versicolor, and vir-
ginica. The coordinates of the pattern vectors are the 
measured sepal length, sepal width, petal length, and 
petal width. In Figure 1, the 2-dimensional projection 
of the 4-dimensional feature space is shown; classes #1, 
#2, and #3 a marked by symbols'+', 'o' , and'*', re-
spectively. Projection is performed to the hyperspace 
of sepal width and petal length. It is seen that class # 
1 is linearly separable, while classes #2 and #3 signif-
icantly overlap. 
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Figure 1. Projection of the data set to the petal 
length versus sepal width subspace. 

The data set has been divided into two parts. Train-
ing has been completed on one half of the data and 
testing on the other half. Using an adaptive learning 
rate technique with a momentum term, 100 % correct 
classification rate has been achieved during learning for 
a wide range of forgetting rates. At the testing phase, 
all the patterns have been identified correctly by using 
networks trained with optimum forgetting rate values. 

. The SSE and e'SW terms are shown in Fig. 2 for 
different e: values. SSE approaches a linear dependence 
on e as the training converges. The observed relation-
ship between SSE and € can be used to control the 
asymptotic SSE value by selecting the proper e:. With-
out forgetting (e: = 0), for example, SSE ~ 5x1o- 3 . 
This value can be increased about 3-fold by using e: = 
1.7x1o- 4 • 
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Figure 2. Effect of e on the training conver-
gence; SSE: solid lines, SW: dashed lines. e: is 
in the units of w-s. IRIS data after 4000, 6000, 
8000, and 10000 iterations; initial network struc-
ture: 4-15-3. 
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Figure 3. Distribution of the magnitudes of 
weights after 10000 iterations usin~ IRlS data; 
learning rate = 0.001 (non-adaptive), initial net-
work structure: 4-40-3. Upper figure: weights 
between hidden and output layers, lower figure: 
between input and hidden layers. 

Figure 3 shows the distribution of weights for a net-
work with initial size of 4-40-3. After 10000 iterations, 
only 5 nodes survive and the magnitude of the surviv-
ing nodes exceeds that of the decayed nodes by more 
than 100 times. The forgetting rate is 0.001, therefore, 
Fig. 3 demonstrates the fluctuations of decayed nodes 
with a magnitude of e: as described in the previous sec-
tion. 

In Figure 4, e: versus SSE is shown (solid line) 
together with the number of surviving hidden nodes 
(dashed line). In this example the convergence of the 
training was much weaker than in the case shown in 
Fig. 2. Nevertheless, the misclassification rate does 
not deteriorate and it is 3-4% up to e = 5 X 10-3• 
Data shown in Fig. 4 can be combined to obtain an 
important information-theoretical measure, Le. , Akaike 
Information Criterion (AIC). Due to space limitations, 
however, AIC will not be analyzed in this work. 
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Epsilon 

Figure 4. SSE during the training as a function 
of the forgetting rate (solid); number of active 
nodes (dashed line) after 10000 iterations. IRIS 
data with initial NN structure of 4-40-3. 

T he robustness of the trained network toward noise 
studied next. Figure 5 illustrates the influence of 
e added noise on the classification performance of an 
W. In Figure 5, the solid line marked by'*' denotes 
= 5x1o-5 , while 'o' marks e = 0 (no forgetting). 
\.Shed lines indicate intermediate level of forgetting. 
evaluating the correct classification rate, maximum 
;~ riminant function is used among the outputs of the 
\TN (9]. 

.. ·~ ...... .. ·~ ... ... .. '? ... '. '' .. : .. ....... ·: .. ' ... . '' ·: .... .. ' .. ·~· ..... '. ":· .. ' ... . 

65 

60 . ...... , •... 

~OL-~5~~10--~15---~~--~~~~L-~~~~~~~~~~00~ 
Added Noise(%) 

Figure 5. Ratio of correct classification of noisy 
IRIS data as a function of the magnitude of added 
noise; different curves correspond to different e 
values. 

For added noise level up to 25 %, the performance of 
~ network improves as the forgetting rate increases; 
: Fig. 5. The improvement can reach 10 % of the mis-
ssification rate. The best performance is achieved 
the maximum e for added noise levels below 25 %. 
ese results support the strategy of choosing e at its 
ocimum allowable value. 
For very noisy patterns, above 25 %, the behavior 
the ANNs changes. In Figure 6, the correct classi-
ttion ratio is shown as the function of c. At higher 
:litional noise levels, the ANN performance can dete-
rate as e increases. Note, however, that the correct 
ssification ratio drops below 60 % at such a high 
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noise levels. Taking into account that class #1 is lin-
early separable even at these large noise ratios, a 60 % 
success rate is close to the 50-50 result obtainable by 
random classification. Such an extremely high noise 
ratio is of little practical interest. The advantage of 
the forgetting algorithm is the most prominent in the 
case of intermediate-to-large (but not very large) noise 
contamination, as far as generalization properttes are 
concerned. 

····r······· 

1.5 2.5 3 3.5 4 4.5 5 
Epsilon(-) x 10~, 

Figure 6. Correct classification ratio of noisy 
IRIS data as a function of e. Curves from top to 
bottom denote added noise magnitude from 0 % 
to 50%. 

4.2 10-Digit Classification Problem 

Digits from 0 to 9 has been coded on a 10 x 8 bi-
nary grid as it is shown in Fig. 7a. Learning of these 
patterns has been conducted in two ways. 

1. At first, only the class prototypes were used for 
training. This means that a single pattern is used 
for representing each class, i.e., the training was 
extremely under-represented. 

2. In the second case, the digits were distorted with 
10 % noise in the training set. During each learn-
ing cycle, a new set of 10 noisy bitmaps was gen-
erated and trained. 

The testing sets consisted of 1000 bitmap images, 100 
examples of each class with added noise of different lev-
els from 0 % to 50 %. Examples of patterns perturbed 
with 5 % and 15 % binary noise are depicted in Fig. 7b 
and Fig. 7c, respectively. It is seen in Fig. 7c that 15 
% noise perturbs the digital images significantly and 
it is difficult to identify the correct pattern by visual 
inspection. The digital noise in percents is defined as 
the probability of reversing the input bits in the digit 
maps. 

A crisp decision-volume approach was used in de-
riving a discriminant function in the output space of 
the ANN. Cubes drawn around the unit vertices of the 
10-dimensional output hypercube were used as deci-
sion volumes. If an output vector is found outside 
of any of these cubes, is is considered as unknown. 
The results of classification with this discriminant have 
been compared with the ones obtained by the maxi-
mum (Bayesian) discriminant function as it has been 
introduced in the previous section in connection with 
Fisher's IRIS classification problem. 
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Figure 1. Patterns of the 10-di&it classification; 
(a) - original ( undistorted digits); (b) - example 
of digits perturbed by 5% flip-flop nmse; (c)- ex-
ample of digits perturbed by 15 % flip-flop noise. 

The correct classification ratio is shown in Fig. 8 for 
the undistorted training patterns, as the function of the 
level of the added noise. Different curves in Fig. 8 cor-
respond to different forgetting levels starting from c = 
10-3 (lowest curve) , thorough c = w-4, w-5 , w-6 ' 

10-7 , to c = 0 (top curve). The correct classification 
rate of the trained ANN monotonously decreases with 
increasing forgetting levels in Figure 8, where crisp de-
cision cubes (size 0.1) have been used as discriminant 
functions. 

By introducing noisy training, the ratio of correct 
classifications increases for all c values; compare Fig. 
9 and Fig. 8. The neural network is insensitive to 
the testing noise in the r~ge of noise used for training 
pattern modification (10 % ); see Fig. 9. As the for-
getting constant increases, we observe decreasing gen-
eralization ability. However, it is possible to prune the 
network and extract structural information before it 
becomes very sensitive to noise. 

The results introduced in Figs. 8 and 9 indicate the 
shortcomings of crisp decision volumes in the case of 

ANNs with structural learning. The obtained results 
can be interpreted as follows. Previous studies indicate 
high saturation level of the SSE in the case of train-
ing with forgetting. The large SSE is composed of the 
errors of the individual outputs. These errors might 
easily exceed a previously defined crisp threshold, say 
0.1, which yields classification errors in the framework 
of the crisp-volume discriminant rules. A more vague 
decision criterion would be much more appropriate in 
this case, e.g., fuzzy decision volumes and Bayesian dis-
criminants. By applying Bayesian discriminant in the 
10-digit problem, for example, similar results can be 
obtained as in the case of the IRlS classification de-
scribed previously. 
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Figure 8. Testing results by ANNs trained on 
undistorted class prototypes; different curves cor-
respond to forgetting levels starting from c = 
w-3 (lowest curve), through c = w- 4 ' w-5 , 
10-6 , 10-7 , to c = 0 (top curve) 
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Figure 9. Testing results by ANNs trained on 
noisy prototypes; notations are the same as m 
Fig. 8. 

4.3 Anomaly Detection in Time Series 
The problem of anomaly detection in time serie 

was converted into pattern recognition involving powe 
spectral densities (PSDs ). The PSDs were calculate( 
by performing Fourier transformation of si~nals of du 
ration 4s with a sampling frequency of 1f32 Hz, i.e. 
each PSD consists of 128 points. Due to the short-tim 
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valuation, the relative uncertainty of the frequency 
points was as high as 40 %. For experimental details; 
see [11). 

spin1h_aver5_1ntarp 

ro ~ ~ oo ~ m ~ 
Tlma(mln) 

Figure 10. Temporal evolution of APSDs; the 
spectrum magnitudes are marked by gray levels 
starting from black (minimum) to white (maxi-
mum). 
The training data set consists of 26 PSDs for each of 

the 3 anomaly classes. Tests have been performed on a 
data set of 3 x 300 patterns. Due to the large amount 
of available data, the statistical properties of the input 
patterns can be estimated easily. The dynamics of the 
PSDs is depicted in Fig. 10 in the form of a contour 
plot. The magnitude of the PSDs is coded into a gray 
scale, with black and white tones marking the minima 
and maxima, respectively. The generalization rate has 
been estimated using maximum discriminant functions. 

60r-------,--------r------~--------~-, 

.l 

5~~------~0.~5 -------71 ------~17.5------~--~ 
Epsilon X 10·3 

Figure 11. Correct classification rate as a func-
tion of c; for networks with initial structure 128-
60-3; trained using spectrum identification data 
with multivariate Gaussian distribution. Noise 
level: 0 % to 50 % for curves top to bottom. 
Figure 11 shows the relationship between the for-

~etting rate and correct classification rate for various 
evels of injected noise. For low added noise levels, 
1p to about 10 %, the generalization rate drops for 
ntermediate e values, but it finally reaches its max-
mum at the largest permitted forgetting rates. For 
tigh noise disturbance levels, the number of correctly 
:lassified patterns has a maximum at intermediate c 
rah1es. This behavior is similar to the one observed 
u Fig. 6 regarding IRIS data and the results can be 
nterpreted in a similar way. 
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5 Conclusions 
Performance of ANNs trained by BP with forgetting 

has been studied. The number of survivor nodes can 
be reduced to just a few units by the proper choice 
of the forgetting rate. The classification error can be 
reduced by tuning the forgetting rate. For not very 
large additional noise levels, the best performance is 
obtained by ANNs trained with the maximum allowed 
c. By testing the network on data with high noise level, 
optimum generalization performance has been achieved 
at intermediate e values. 

It is shown that ANN s trained by structural learning 
with forgetting have an optimum performance if the 
crisp decision volumes are replaced by a more vague 
decision criterion, like fuzzy decision surfaces or max-
imum discriminant function. Future studies will be 
conducted on partial skeletonization which can be ad-
vantageous if our goal is to extract fuzzy rules from 
the ANN. Partial skeletonization can help to avoid 
the problem of over-sensitivity to perturbation of the 
weights and input patterns as well. 

References 
[1] Bezdek, J.C., "What Is Computational Intelli-

gence?" in Computational Intelligence - Imitating 
Life, by J.M. Zurada, R.J. Marks II, C.J. Robin-
son, Eds., IEEE Press, NJ, p. 1, 1994. 

[2] Namatame,A., Tsukamoto, Y. "Adaptive Structure 
Learning," Int. J. Neur. Netw., Vol.3, p.123, 1992. 

[3] Sankar, A., Mammone, R.J. "Growing and Pruning 
Neural Tree Networks," IEEE Trans. Comput., Vol. 
42, p. 291, 1993. 

[4] Ishikawa, M., "Learning of Modular Structured 
Networks," Artif. Intellig., Vol. 75, pp. 51-62, 1995. 

[5] Musavi, M.T., Chan, K.H., Hummels, D.M., 
Kalantri, K. "On the Generalization Ability of Neu-
ral Network Classifiers," IEEE Trans. Patt. Anal. 
Mach. Int., Vol. 16, p. 659, 1994. 

[6] Malinowski, A, Miller, D.A., Zurada, J.M., 
"Reconciling Training and Weight Suppression: 
New Guidelines for Pruning-Efficient Training," 
WCNN'95, Washington D.C. , July 17-21, 1995. 

[7] Kozma, R., Kitamura, M., Malinowski, A., Zurada, 
J.M., "On Performance Measures of ANNs Trained 
by Structural Learning Algorithms," Proc. 2nd New 
Zealand Two-Stream Int. Conf. ANNES'95, pp. 22-
25, IEEE Comp. Soc. Press, 1995. 

(8] Kozma, R., Kitamura, M., "Dynamic Structure 
Adaptation in Feed-Forward Neural Networks- An 
Example of Plant Monitoring," IEEE Int. Conf. 
Neur. Netw., Perth, Vol. 2, pp. 692-697, 1995. 

[9] .Jain, A.K., Mao, J., "Neural Networks and Pat-
tern Recognition," in: Computational Intelligence 
Imitating Life, J.M. Zurada, R.J. Marks II, C.J. 
Robinson, eds., IEEE Press, NJ, p. 194, 1994. 

(10] Levin, E., Tishby, N., Solla, S.A., "A Statistical 
Approach to Learning and Generalization in Lay-
ered NNs," Proc . IEEE, Vol. 78, p. 1568, 1990. 

[11] Kozma R., Sakuma, M., Yokoyama, Y., Kitamura, 
M., "On the Accuracy of Mapping by Neural Net-
works Trained by Backpropagation with Forget-
ting," Neurocomputing, in press (1996). 

(12] Fisher, R.A., ''The Use of Multiple Measurements 
in Taxonomic," Ann. Eugen., Vol. 7, p. 179, 1936. 

Australian Journal of Intelligent InformaTion Processing Systems Winter 1996 




